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Abstract. Covariance between relatives in a multi- 
breed population was derived for an additive model 
with multiple unlinked loci. An efficient algorithm to 
compute the inverse of the additive genetic covariance 
matrix is given. For an additive model, the variance for 
a crossbred individual is a function of the additive vari- 
ances for the pure breeds, the eovafiance between parents, 
and segregation variances, Provided that the variance 
of a crossbred individual is computed as presented here, 
the covariance between crossbred relatives can be com- 
puted using formulae for purebred populations. For 
additive traits the inverse of the genotypic covariance 
matrix given here can be used both to obtain genetic 
evaluations by best linear unbiased prediction and to 
estimate genetic parameters by maximum likelihood in 
multibreed populations. For nonadditive traits, the 
procedure currently used to analyze multibreed data 
can be improved using the theory presented here to 
compute additive covariances together with a suitable 
approximation for nonadditive covariances. 
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Introduction 

The theory for covariance between relatives provides 
the basis to estimate genetic parameters and to use data 
from relatives in genetic evaluation. Covariance theo- 
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ry is relatively well understood for a purebred popula- 
tion (e.g., Kempthorne 1954). This is not the case, 
however, for a multibreed population, which is com- 
posed of several breed groups, each of which is made up 
of individuals belonging to a pure breed (e.g., Landrace 
of Duroc in swine) or a cross breed (e.g., FI0 F2, or 
backcross), 

The genetic value for an individual can be modelled 
as the sum of the additive and nonadditive components 
(Kempthorne 1954). In modelling the additive compo- 
nent, it is often assumed that variances are equal across 
breed groups (Hakim et al. 1990; Lo et al. 1992; Swan 
and Kinghorn 1992; Van Vleck et al. 1992). It has been 
shown, however, that this assumption is not appropri- 
ate for a multibreed population (Elzo !983, 1990; Wei 
et al. 1991a, b). 

To address the above problem, Etzo (t983, 1990) 
computed additive variance for a crossbred group as a 
weighted mean of additive variances of the pure breeds 
plus one half the covariance between parents, where 
each weight is the proportion of the corresponding 
pure breed in the crossbred Mu!ibreed data have been 
analyzed using this approach in several studies (Elzo 
and Bradford 1985; Elzo and Famula 1985; Arnold 
et al. 1992). It can be shown, however, that this ap- 
proach does not always lead to the correct additive 
variance for a crossbred group. The additive variance 
for the F1, for example, is different from that for the F 2 
even though the F1 has the same breed composition as 
the f 2 crossbred (e.g., Lande 1981). 

The objective of the present paper is to develop a 
general approach to compute genotypic variances and 
covariances between relatives in a multibreed popula- 
tion comprising an arbitrary number of pure breeds 
and all crosses involving these breeds, under a model 
with additive inheritance and multiple unlinked loci. 
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Method 

Consider a genotypic model with n unlinked loci in a 
random mating multibreed population. It is assumed 
that the pure breeds are in gametic equilibrium so that 
the covariance between alleles at any two loci will be 
null. At locus t, let S~ be the random allele that offspring 
i inherited from its sire j, and let D ~ be the random allele 
that i inherited from its dam k. The paternal and 
maternal alleles of sirej  will be denoted as S~ and D}; 
those of dam k will be denoted as S~ and D~, (Fig. 1). 
The genotypic value of offspring i is denoted G~. 

Genotypic model 

Consider as a reference breed group one that contains 
all alleles at each locus that are present in the multi- 
breed population at that locus. In a multibreed popula- 
tion involving two pure breeds, for example, F 2 is a 
suitable reference breed group. In any breed group, the 
genotypic value of individual i, G~, can be modelled as 

Gi = # + ~ (es~ + ~D~) (1) 
t = l  

where 

# = E(G~) (2) 

is the genotypic mean in the reference breed group; 

% = E(G, IS;) - ~ ( 3 )  

is the additive effect of paternal allele S~ ~ in the reference 
breed group; and 

%~-- E(G,I D~) - # (4) 

is the additive effect of maternal allele D~ in the refer- 
ence breed group. Note that E(C~s~ ) = E(c%~) = 0 in the 
reference breed group. 

Covariance 

Covariance between relatives is the covariance be- 
tween genotypic values of related individuals. The 
well-known tabular method used to construct the 
matrix of additive covariances in purebred populations 
(Henderson 1976; Quaas et al. 1984) is based on defin- 

j k 
t f f f 

S j  D j  S k D k 

I I 

i 
S;D/ 

Fig. 1. Notation for alleles at locus t in individual i and in its 
parents, j and k 

ing the additive covariance between individuals i and i' 
as the average covariance between i' and the parents of 
i, if i' is not a direct descendent of i (Chang et al. 1991). 
In the following development, we will show that the 
above result is also true for multibreed populations, 
under an additive model. 

Let Gz, be the genotypic value for individual i', 
where i' is not a direct descendent of individual i. From 
the genotypic model (1), the covariance between indi- 
viduals i and i' is 

(n)  
Cov(GI, Gi, ) = C o v  ~ O:s~ , G i, + Cov C~D~ , G r 

\ t = l  , t = i 

= Cov( .? c , , )+ Cov( o , G,) (5) 
t = l  t = l  

At locus t, random allele S~ of indivudual i is either 
allele S} or D} from its sire j. Thus, let Z be a random 
variable that is t ~ if Sj Sj S I ~ S  j t is a copy of t or is 
S } ~ D )  ifS~ is a copy of D; and P r ( S ~ S } ) =  P r ( S ~  
D}) = �89 The first term in (5), therefore, can be written as 

Cov(~st, G r) = E [Cov(~s~, G i, I Z)]  i i 

+ Coy [E(c~:l z), e (G,, I Z)] (6) 

(Kempthorne and Folks 1971). 
Note that G i, is independent of Z because individual 

i' is not a direct descendent of individual i, so that 
E(Gi, 1 Z) = E(Gi, ) and the second term in (6) is null. 

For the first term in (6), if Z is S ' i~S~, then 
es~ = ~s}; while if Z is S ~ D } ,  then ~s~ = %? Thus, (6) 
can be written as 

Cov(c~s? Gi, ) = Pr(S~ ~ S~)[Cov(esf, G i, I S'~ ~ s ) ]  

+ Pr(S~D})[Cov(c~s? G~,IS~DS)] 

= �89 Gi, ) + COV(C~D}, Gi,)] (7) 

Further, using (7), the covariance between the additive 
effect of the paternal allele, C~s~, and the genotypic value 
of individual i', G~,, summed ~ver n loci is 

1 " 
L Cov(~s?Gi') = 2t E--1 [ - C ~  O,,) -4- Cov(c~D} , G i , ) ]  

t = l  = 

1 
= ~ Coy(G j, Gi,) (8) 

which is one half the covariance between genotypic 
values for individuals i' and j, the sire of i. 

Similarly, the covariance between the additive ef- 
fect of the maternal allele, ~D~, and the genotypic value 
of individual i, Gr summed ~ver n loci is 

C~ @~)= ~ ~=l [C~ + C~ Gi')] 
t=l 

1 
= ~Cov(G k, G,,) (9) 



which is one half the convariance between genotypic 
values for individuals i' and k, the dam of i. 

Therefore, the covariance between genotypic 
values for individuals i and i' can be computed as 

Cov(G, G )  = � 8 9  G)  + Coy(G,  G) ]  (10) 

which is the average covariance between genotypic 
values for individual i' and the parents j and k of 
indivudual i. This is the well-known result used in the 
tabular method to construct the matrix of additive 
covariances in purebred populations (Emik and Terrill 
1949; Henderson 1976; Quaas et al. 1984), and has 
been used by Elzo (1983, 1990) to compute covariances 
in multibreed populations. These covariances, how- 
ever, should not be computed using the usual tabular 
method because off-diagonal elements (covariances) 
are funcitons of diagonals (variances), and some of 
these variances are computed incorrectly, as shown 
below. 

Variance 

We will first present the theory for a multibreed popu- 
lation comprising three pure breeds (A, B, and C) and 
all crosses involving these breeds. The gametic disequi- 
librium for an arbitarary pair of alleles at loci t and t' 
(A) is the difference between the joint probability of the 
pair of alleles and the product of their marginal prob- 
abilities. The gametic disequlibrium of a cross (A ~ can 
be written in terms of the gametic disequilibria of the 
parental breed groups (A s and AD): 

a ~ = �89 - r)(A ~ + A~) 

+ �88  pt~)(pS pD - - t , )  ( 1 1 )  

(Nyquist 1990), where r is the probability of recom- 
bination between loci t and t', and, for example, pS is the 
marginal probability of the allele at locus t in the sire 
breed group. 

From (11), if parental breeds are in gametic equilib- 
rium s _ D (A n, - A n, =- 0 )  and loci are unlinked (r = �89 then 
gametic equilibrium is maintained in the cross. Thus if 
the pure breeds are in gametic equilibrium and loci are 
unlinked, gametic equilibrium will be maintained in all 
the successive breed groups. Therefore, alleles at differ- 
ent loci are independent, and covariances between 
their additive effects are null, i.e., Cov(cCs~,%,, ) = 
Cov(~sp %~, = Cov(~?  ~s~') = Cov(c%~ %~,) = 0 ~or ' t  r 
t'. The genotypic variance of individual i, from (1), is 
the sum of variances and covariances across the n 
unlinked loci and can be written as 

Var(G 3 = ~ [Var(c~s~ ) + Var(%~)] 
t = i  

n 

+ 2 ~ Cov(c~s? ~v~) (12) 
t = l  
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At locus t, let W be a random variable that is Sti~A 
if S' i is from pure breed A, is Sti~B if S~i is from pure 
breed B, or is S~EC if Sti is from pure breed C. The 
variance of the additive effect of paternal allele S~ can 
be written as 

Var(~s~ ) = E[Var(~s~ [ W)] + Var[E(cts~ ] W)] (13) 

(Kempthorne and Folks 1971). The first term in (13) 
can be written as 

E[Var(cCs~[ W)] = Pr(Sti ~ A ) V a r ( o @ S ~ A )  

+ Pr(S'i~ B)Var(~s~lS~i~B) 

+ Pr(S~e C)Var(o:s~lSle C) 

=fSVar(%{) +fSVar(~s~) 
A B 

+fSVar(c~s~) (14) 
C 

where, for example, fSA, the breed A composition for 
the sire, is the probability that paternal allele, S~, is from 
pure breed A and Var is the variance using allelic 

A 

frequencies of the breed A. Thus, in (14) E [Var(c~st I W)] 
is the mean of the variances of the additive ef~cts of 
paternal allele S~, weighted by the proportion of each 
pure breed A, B, and C in the cross breed group. 

The second term in (13), the variance of E(%~] W), 
can be written as 

VarfE(c~s~[ W)] = E{ [E(~s~ [ W)J 2 } 

- {E[E(cts~ I W)] }2 (15) 

The expectation term E[E(c~s~ t W)] in (15) can be ex- 
pressed as: 

, _ f s  eA +fSBeB +fSceC t (16) E [ E ( ~ s ~ I  w ) ]  - A ,  

where, for example, 

eta = E(O:s~IS~A ) (17) 

is the conditional mean of%, given that allele S~ is from 
pure breed A. Using (16)iin (15) and rearranging 
yields 

Var[E(c~s~lW)] s A 2 S B 2 = f  A(s ) + f , G  ) + fs(ec)2 

- + f s 4  

__--fS fS(~AAJB\ t - eB~zt i + fSAfSc(eA -- ~c)2 

S S B + f B f  c(e~ -- eC)2 (18) 

Now, substituting (14) and (18) in (13), the variance of 
the additive effect of paternal allele St~ at locus t can be 
computed as 

Var(as0 =fSVar(c~s~) +fSVar(as0 +fSVar(as0 
i " i i 

A B C 

S S A + f A f  ~G -- af)2 + fS f s(eA ~C)2 J A  C\ t t 
S S B +fBfc (e t  -- etc) 2 (19) 
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Similarly, the variance of the additive effect of 
maternal allele D~ at locus t can be computed as 

Val"(C~D~ ) =f~Var(%~) +f~Var(%~) +fcVV~(c%~) 
A B 

D D A + f A f , ( e t  ~B)2 D D A C 2 -- + f A f c ( g t  -- ~ ) 
D D B C 2 + f , f  c(er - e t ) (20) 

where, for example, f ~  the breed A composition for 
the dana, is the probability that maternal allele, D~, 
is from pure breed A. Now, the sum of (19) and (20) 
gives 

Var(c~sl) + Var(ao{) =fSVar(%~) +fADVar(c%i) 
A A 

+fSVar(~sl) +f~Var(%~) 
B B 

+fSVar(~s0 +fc~Var(%0 
C C 

+ ( f s a f s  o o a s 2 + f A f  ~)(e~ -- et ) 

S S D D A C 2  
+ ( f A f c  + f A f c ) ( e t  -- gt ) 

S S D D B + ( f B f c  + f ~ f c ) ( e t  - -  gC)2 (21) 

In (21), note that Var(%~) and Var(%~) are identical in 
A A 

the pure breed A, so that Var(%O=Var(c~oO=a 2 i ~ Ad 
A A 

Similarly, Var(~s~)=Var(~,i)=a~,,  and Var(%~)= 
B B C 

Var(%0 = a 2 Then (2!) can be written as 
i Ct" 

C 

Var(%0+Var (%0 ( f s  o 2 , , = + f A ) ~ A  ~ + ( f s  + fB)GBtD 2 

+ " 
+fc)ac~ 

+ ( f s  f s  o v A ~ 2 + f A f  B)(~t -- e t ) 

+( fSAfS  1) o A_eC)2 + f A f  ~)(~t t 
S S D D B + ( f ~ f c  + f ~ f c ) ( e ~  --gc)2 (22) 

The breed composition for an offspring breed group is 
the average of the breed composition in the sire and the 
dam breed groups (Mather and Jinks 197t), e.g., 
f o _  , ( f s  +f,]),  where f o  is the breed A composition 

A - - ~  A 
for the offspring. Thus, (22) can be written as 

, 2JAGAi + 2 f f a ~ ,  + Var(~s,) + Var(0~o~ ) = .o 2 2 fc  o a2  

S S D D A B 2  
+ ( f A f ~  + f a f ~ ) ( q  -- et ) 

S S D D A C 2  
+ ( f i f e  - -  

S S D D ~B C 2 
+ ( f ~ f c  + f s  fc)(~,  -- zt ) (23) 

Now, for n unlinked loci, the additive variance of 
the pure breed A, a 2, for example, is 

a~ = 2 i a2 (24) 
A t ' 

t = l  

and the genetic variance deriving from differences in 
allelic frequencies between the pure breeds A and B, 
32B, for example, is 

= ( 4 -   f)2 (25) 
t = l  

Wright (1968) and Lande (1981) introduced the 
term segregation variance, o-~, as the additional genetic 
variance segregating in the f 2 o v e r  that in the F 1, In 

S S D D (23), the term ( f a f B  + f A f e ) ,  has value 0 if the off- 
spring is an Fa individual (i,e., f s =  I, f s = 0  
and f ] - - -0 ,  f ~  = 1) and has value �89 if the offspring 
is an F 2 individual (i.e., f S A = f S = f ~ = f ~ = � 8 9  
Therefore, the additional genetic variance due to segre- 

1 2 gation from f a to F a is equal to ~SA~ as defined here 
(i.e., a~A" 1 2 = 

For n loci, the variance terms in (12), from (23) is 

i + f , a ,  + f c a c  - - f  A ~ A  
[-Var(~sl)+Var(%~) ] _  0 2 0 z 0 2 

t = l  

+ 2(fSAfSB D o 2 +fAfB)OsA. 

S S -1- / 'D tPD'Io-2 + 2 ( f a f c - - J A a C l  SAc 

2( rS ~"S ~_ I'D I"D]o.2 
-~ \ J B J C  t J B d  C] SBC 

(26) 

To complete the computation of the variance for 
individual i using (12), we need the covariance bet- 
ween C~s~ and c%p Recall that allele S t~ of individual 
i is eitfa~er allele S~ or D~ from its sire j and that 
allele Dtl of individual i is either allele S~ or D I~ from its 
dam k (Fig. 1). The same reasoning used to obtain (8) 
from (6) can be used to compute the covariance be- 
tween the additive effects of alleles S~ and Dti: 

Cov(%, %~) = ~[Cov(~s? %~) 

+ Cov(4 , + 

The covariance between the additive effects of paternal 
and maternal alleles summed over n loci, is 

1 n i ECov% @ + cov(4 , 
t = l  

+ + Cov( g , 

1 
= ~Cov(Gj, Gk) (27) 

Thus covariance between the additive effects of 
alleles S'f and D~ in individual i is the average 
covariance between the additive effects of alleles in 
indivuduals j and k, or one-fourth the covariance 
between genotypic values in individuals j and k, the 
parents of i. This covariance can be computed using 
(10), as shown previously. Now, substituting (26) and 



(27) in (12), the additive variance over n loci of individ- 
ual i is 

_ O 2 O 2 O 2 
V a t ( G / )  - -  f A O'A + f B (7B + f c f f  C + 1 C o v ( G j  ' Gk) 

+ 2(fSAfS j_ CD cD~a2 
~ J A J B ]  S A B  

S S D D 2 
+ 2 ( f A f c  +fAfc)aSA~ 

+2(fSfSc D o 2 (28) + f B f  c)as,r 

Except for terms involving the segregation variances, 
(28) is equivalent to the expression given by Elzo (1983) 
for the additive variance of a crossbred individual. 
Thus, Elzo's formula is equal to (28) only if both 
parents are purebreds, as in the F 1 crossbred (e.g., 
A • B or B • A). Therefore, (28) provides a general 
formula for additive variance for individuals in an 
arbitrary breed group from a multibreed population 
involving three pure breeds. 

It can be shown algebraically that (14) generalizes 
to 

P 

E[Var(%~l W)] = ~ fSVar(%~) (29) 
p = l  P 

and (18) generalizes to 
P P 

Var[E(%~IW)] - -~  ~ s s p _  f p f p ' ( ~ t  e P ' )  2 (30) 
p =  1 p ' > p  

for a multibreed population comprising P pure breeds. 

Table 1. The additive variances for various breed groups 

Breed group Variance 

Pure breed 
A ~ 
B ~g 
C ag 

Two-way cross F a 
a 2 2 A x B ~(o- A + cry) 
i 2 2 A x C ~(o- A + O-c) 
1 2 2 

B x C ~(a~ + %)  
Backcross 

3 2 1 2 1 2 
A B  x A ~a A + ~a B + gas .  B 

1 2 3 2 1 2 
A B  x B ~a A + ~a B + gasA . 

F2 
A B  x A B  1 2 2 2 5(a ~ + as) + asA. 

1 2 2 2 
A B  x A C  y(a A + ac) + as~ c 
B C  x B C  1 2 2 2 

~(% + %)  + as.~ 
Three-way cross 

1 2 1 2 1 2 1 2 
A x B C  ~ a  A + ~(7 B + ~ a  c + ~ a s B  c 

3 2 1 2 1 2 
A x A B C  a ~ a  A + g a  B + g(7 c 

1 2 2 1 2 
+ 4 ( a s ~  + (rSAc) + 8aS .  ~ 

General case 
P o 2 

2 p = l f p ( r p  
P P S S D D 2 

2'~p= 1 ~p'> p ( f  p f  r + f p f p')aSpp, 

" A B C  = A x B C  

427 

Thus, it follows that (28) generalizes to 

Var(G3 ~ o 2 = fvap  + Cov(Gj, Gk) 
p = l  

p P 

+ 2 Z Z s s . rD ro~a2 (31) ( f , f , ' - J p J p ' ,  s,p, 
p = l  p ' > p  

which is the additive variance of individual i in a 
multibreed population comprising an arbitrary num- 
ber of pure breeds. In the case of noninbred populations, 
the additive variances of various breed groups are 
given in Table 1. 

In summary, the additive covariance matrix for a 
multibreed population can be constructed by a tabular 
method using the theory presented here. The same 
rules as for purebred populations are used to obtain 
covariances, but rule (31) is used to obtain the additive 
variances. The only difference between this tabular 
method and that presented by Elzo (1983, 1990) is that 
his formula for the diagonal part did not include the 
term for the segregation variance. 

Numerical example 

The method to construct the additive covariance 
matrix for multibreed populations is illustrated using a 
simple pedigree of nine individuals (Fig. 2) in a two- 
breed (A and B) population. Individuals 1 and 3 are 
from pure breed A and individuals 2 and 4 are from 
pure breed B. A two-locus model is presented, 

Consider a hypothetical trait determined by two 
loci (U and V) with two alleles at each locus (U 1 and 
U 2 ,  V 1 and V2). The genotypic v a l u e s  (gjklm) and fre- 
quencies in breed groups A, B, F1, and F 2 a r e  given in 
Table 2. The F 2 w a s  chosen to be the reference breed 
group. All individuals in breed A have the genotype 
U 1U 1V2V 2, all those in breed B have the genotype 
U 2 U 21/1 V~, and all those in the F 1 have the genotype 
U 1 U 2 V 2 V a. Thus, additive variances of individuals 1 

Fig. 2. Pedigree of nine individuals involving breeds A and B; 
circles represent females and squares represent males 
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th rough  6 are null. Covar iances  involving these indi- 
viduals are also null. Any individual in the F 2 breed 
group, however,  will have one of the 16 possible geno- 
types with equal probabi l i ty  (Table 2). Therefore,  the 
additive variance of individuals 7 and 8 will not  be null. 
The  addit ive variance for individual 9, the offspring of 7 
and 8, will also not  be null. The covariances of individ- 
uals 7, 8, and 9 with individuals 1 through 6, however,  
are null. 

To  compute  the variance for individual 7 using (31), 
we first compute  the segregation variance, a2AB , which 
requires comput ing  e~ and e~ for each locus. At locus 
U, for example,  the condit ional  mean  of c~ v, given that  

a is alleles Ut and U 2 are f rom pure  breed A, ec, 

~ = E(~I(u~, UgEA) 
= ~ A ~ A (32) u~Pua + u2Pu2 

where, for example,  pA is the frequency of allele Uz in 
pure breed A. Recall that  the F2 was chosen as a 
reference breed group. Thus,  the additive effect of allele 
U s can be writ ten as 

~v~ = E(G,] UI) - # (33) 

where 
2 2 2 

E(GiIU1)= ~ ~ ~ g~mpf:'p~'p~m (34) 
k = l / = l m = l  

is the condit ional  mean  for G~ given U~, where 91~,, is 
the value of an individual with genotype U~ U~V~ V,,, 

Table 2. Genotypic values and frequencies in breed groups A, B, 
F~, and F 2 

Genotype" Oenotypic value Genotypic frequency 
UsU y z V,. gsk~,. 

A B F 1 F 2 

1 
U 1U 1V 1 V~ 0 0 0 0 1~ 

1 U~U1V 1V 2 5 0 0 0 16 
1 

U 1U 1V 2 V 1 5 0 0 0 1~ 
1 

U1 U1 V2 V2 10 1 0 0 r~ 
U~ U2 V1 V1 5 0 0 0 

1 
U 1 U 2 V  1 V 2 10 0 0 0 16 

1 
U 1U 2 V 2 V 1 10 0 0 1 1~ 

1 
U 1 U 2 V  2 Y 2 15 0 O 0 16 

1 
U 2 U~ V~ V 1 5 0 0 0 ~ 

1 U2U1V1 V2 10 0 0 0 
1 

U 2 U I V 2 V 1 10 0 0 0 1~ 
U 2 U 1 V  2 V 2 15 0 0 0 1�89 

1 UaUzV 1 V 1 10 0 1 0 1~ 
1 

U z U 2 V  I V 2 15 0 0 0 1 
U2U2V z V~ 15 0 0 0 
U2U2V2 V 2 20 0 0 0 12~ 

For each locus, the paternal allele is given first 

and, for example,  p ~  is the frequency of allele k at locus 
U in the F 1, and p~l z is the frequency of allele I at locus V 
in the F 1. Also 

2 2 2 2 

# =  2 2 ~ ~ 9Skl,,PWljPFI~P~,Prv~ (35) 
j - - l k = l I = l m = l  

is the genotypic  mean  for the F z. Thus, substituting the 
frequencies and genotypic  values (Table 2) in (35), the 
genotypic mean  for the F a is 

: 116(0 + 5 + . . .  + 20) : 10 

The  condit ional  mean  for G i given U s using (34) is 

E(G, IU1)=I (O+5 + - . -  + 15 )=7 .5  

and the condit ional  mean  for G~ given U 2 is 

E(G,IU2) =�89 + 10 + - - .  + 2 0 ) =  12.5 

To  compute  e A using (32), we need to know pA and 
a Pv~. F r o m  Table  2, we see that  p a  = 1 and pA = 0. 

Thus,  ea can be obta ined using (33) in (32) as 

e a = (7.5 - 10)(1) + (12.5 - 10)(0) = - 2.5 

Similarly, e g = 2.5, eA = 2.5, and e~ = - 2 . 5 .  Thus,  the 
segregation variance can be computed  by using the 
above  values in (25), where a s 2  - 1 2 - ~6aB, as 

2 1 A B 2 
~s~. - ~ [ ( ~ -  ~ )  + ( 4 -  ~f~)~] 

= � 8 9  2.5 - 2.5) 2 + (2.5 + 2.5) 2] = 25 

In this example,  recall that  additive genetic variances 
for pure  breeds are null and covariances involving 
individuals 1 through 6 are also null. Now,  using (31), 
the additive genetic variance for individual 7 is 

Var(G7 ) = 2 ( f s A f g . / ' 6  t"6]G2 - - J A J B )  SAB 

1 1 I 1 = (5)(~)]25 25 2E(_~)(~) + = 

Note  that  individuals 5 and 6 are parents  of individual 
7. If  the additive variance for individual 7 were com- 
puted by Elzo's (1983) method,  however,  the result 
would be 

Var(G7 ) z 2 �89 G6 ) = ~ ( ~  + 4) + 

= 0  

For  this example,  the additive variance for individual 7 
can also be computed  using genotypic  frequencies as 

Var(GT) = E(GT) 2 -- [E(G7)] 2 

= ~E(O) ~ + (5) ~ + . . .  + (2o) ~] 

-I~66(0+5+ ...-t-20)] 2 

= 1 2 5 -  1 0 0  = 2 5  

which is equal to the variance computed  using (31). 



Individual 8 has the same additive genetic variance 
as individual 7 because they are full sibs. The covari- 
ance between individuals 7 and 8 is null because the 
covariances of 5 and 6 with 7 are null. For individual 9, 
using (31), the additive genetic variance is 

Var(G9) = 2 ( f ~ f ~  .a c7 r ~ J A J B )  SAB 

1 1 = 2l-(y)(~) + (�89 = 25 

because the covariance between the parents of individ- 
ual 9 (7 and 8) is null and the additive variances of pure 
breeds are also null. 

Now, the covariance between individuals 9 and 7 
using (10) is 

Cov(G 9, GT) = �89 Gv) + Cov(G s, Gv) ] 

= �89 + O) = 12.5 

Similarly, the covariance between individuals 9 and 8 is 

C o v ( G  9, G8) --  �89 [Cov(Gv, Gs) + Cov(G s, Gs)] 

= �89 + 25) = 12.5 

This numerical example shows that the variance 
computed using (31) is equal to that computed using 
genotypic frequencies. In practice, however, genotypic 
frequencies will not be known, and covariances will be 
computed as functions of additive genetic variances 
and segregation variances, which can be estimated by 
maximum likelihood. 

The example also demonstrates that additive vari- 
ances may be different for individuals with the same 
breed composition. In addition, it shows that the segre- 
gation variance in (31) is the difference between addi- 
tive variances in F2 and F 1 breed groups under an 
additive model, i.e., O-s2A, = a2F2 - -  a 2 1  = 25 - 0 = 25. 

Inverse of additive covariance matrix 

The theory for covariance between relatives in multi- 
breed populations developed in the previous sections 
can be used to obtain genetic evaluations by best linear 
unbiased prediction (BLUP; Henderson 1973). The 
usual mixed model formulation for BLUP requires the 
inverse of the genotypic covariance matrix. We have 
shown that under additive inheritance and for a model 
with multiple unlinked loci, the covariance matrix (Ga) 
for a multibreed population can be constructed by a 
tabular method using (10) and (31). Thus, G a can be 
inverted efficiently using the approach of Henderson 
(1976) and Quaas (1988). 

Following Quaas (1988), the inverse of Ga can be 
obtained as 

G~ -1 = (I - P)'G 21 (I - P) (36) 

where I is an identity matrix of order n, P is a matrix 
relating progeny to parents, G~ is the covariance matrix 
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of Mendelian sampling residuals, and n is the number 
of individuals in the pedigree. It can be shown that G~ is 
diagonal (e.g., Fernando and Grossman 1989), and 
element i on the diagonal (d~) can be computed as 

d i = Var(Gi) - �88 + Var(Gk) ] 

- �89 Gk) (37) 

wherej and k are parents of i. For muttibreed popula- 
tions, the variance for each individual and the 
covariance between parents can be computed using 
(31) and (10). Now, let Q = ( I - P ) ' = ( q l , q 2  . . . .  ,q,), 
where q~ is a column vector of order n from Q corre- 
sponding to individual i. Because G~ is diagonal, (36) 
can be written as 

G a  I = Q G / 1 Q  ' =  ~ qid~-lq'~ (38) 
i = 1  

As shown by Quaas (1988), (38) leads to an efficient 
algorithm to obtian G~- 1. 

Discussion 

In the analysis of data from multibreed populations, 
the theory for additive genetic covariances developed 
by Elzo (1983, 1990) has been used to model the addi- 
tive component of the genotypic value. It is shown here 
that Elzo's (1983) method to compute the additive 
variance for a crossbred individual does not give the 
correct results in general because it does not account 
for segregation variances. The segregation variance is 
due to the differences in allelic frequencies between the 
pure breeds, and is equal to the difference in additive 
variances between F 2 and F 1 breed groups (Lande 
1981). The segregation of alleles will contribute to the 
variance of an individual only if one or both of its 
parents are crossbreds. 

Provided that the variance of a crossbred individ- 
ual is computed as described here, the covariance 
between relatives can be computed using formulae for 
purebred populations. For traits where nonadditive 
inheritance can be ignored, the inverse of the genotypic 
covariance matrix given here can be used in Hender- 
son's (1973) mixed model equations to obtian genetic 
evaluations in multibreed populations by best linear 
unbiased prediction. Further, assuming a normal dis- 
tribution, the theory presented here can be used to 
estimate by maximum likelihood the additive variance 
component for each pure breed and the segregation 
variance for each pair of pure breeds. The segregation 
variance can also be estimated simply as the difference 
between variances for the F 1 and F 2 breed groups as 
suggested by Lande (1981). 

For traits where nonadditive inheritance can not be 
ignored, the procedure currently used to analyze multi- 
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breed data  can be improved using the theory presented 
here to compute  additive covariances together with a 
suitable approximat ion  for nonaddi t ive  covariances. 
The approach presented here can be extended to ac- 
commodate  multiple traits and  materna l  effects in 
mult ibreed populat ions.  
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